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Introduction
Let X be a locally compact, second countable Hausdorff space
X and let dx be a Radon measure on X , which sometimes we
shall call the volume of X .
Let H ≥ 0 be a self-adjoint operator associated with a dif-
fusion (a,D[a]), that is, a strongly local, regular Dirichlet form
on L2 = L2(Ω, dx) [4]. In this paper we examine the relation
between the growth (of the volume) of X and the bottom of
the spectrum of the operator H . More precisely, we introduce
a (pseudo-)distance d(x, y) on X through (a,D[a]) and assume
that the metric topology is equivalent to the original topology
of X ; we fix a point o ∈ X and, denoting by V (r) the measure
of the ball B(o, r), r > 0, introduce the growth of X by means
of the quantity
µ := lim sup
r→+∞
lnV (r)
r
;
1The author is a Dov Biegun Postdoctoral Fellow at the Weizmann In-
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finally we also introduce
λe := sup λo(X \K),(0.1)
where the supremum is taken on the family of compact subsets
of X , and
λo(X \K) = inf
{
a[u, u]∫
X
u2dx
: u 6≡ 0, u ∈ D[a] ∩ Cc(X \K)
}
is the bottom of the spectrum of H on L2(X \K) with Dirichlet
boundary condition on ∂K.
The formula (0.1) above can be seen as a generalization of the
well-known formula [2], [3] that holds when H is the Laplace-
Beltrami operator on a Riemannian manifold X (dx is then the
Riemannian volume) and λe is the bottom of the essential spec-
trum of H . The number λe may be infinite, which is the case
when H has discrete spectrum and the essential spectrum is
empty.
The main result of this paper is an extension of a result by
R. Brooks [1, Theorem 1] and goes as follows.
Theorem 1. If X is non-compact, the volume of X is infinite
and the metric space (X, d) is complete, then
λe ≤
µ2
4
.
In particular, if the measure dx has polynomial growth (e.g.,
if dx satisfies a doubling condition), then µ = 0, hence the
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bottom of the essential spectrum is λe = 0. See Corollary 1.
On the other hand, if the growth is exponential (as in the case,
e.g., of Hn+1, the n + 1-dimensional hyperbolic space), then
we recover a well-known result on the bottom of the Laplace-
Beltrami operator on Hn+1; cf., e.g., the result by H.P. McKean
[7].
The above result sharpens a similar one for λo(X) (with K =
∅) by K.-T. Sturm [10, Theorem 5].
Theorem 1 is sharp in the following sense. It is known that
non-complete metric spaces may have discrete spectra; cf. e.g.
results for the Laplace operator in “quasibounded domains” of
Rn by D. Hewgill [5], [6] (see also the references cited in these two
papers). Moreover, compact Riemannian manifolds and some
Riemannian manifolds with finite volume are known to have
discrete spectrum: the former is classical, while instances of the
latter have been constructed by H. Donnelly & P. Li in [3].
On the other hand, it must be remarked that there are exam-
ples where the upper bound on λe in term of the growth of X
is not sharp in that λe = 0 and µ > 0; cf. the discussion in the
Introduction of [1].
The organization of the paper is as follows: in the first section
we fix the notation, introduce the relevant concepts and prove
the preliminary results that will be needed in the second section,
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which is devoted to the proof of the main result. The proof of
our main result follows the lines of the proof of Theorem 1 in
[1] and is based on Theorem 2, which is a result that may have
some interest in its own.
1. Preliminaries
Let X be a locally compact, second countable Hausdorff space
and let dx be a Radon measure on it.
Dirichlet forms [4]. We let (a,D[a]) denote the (Dirichlet)
form associated with the self-adjoint operatorH on L2 = L2(X, dx),
so that
〈Hf, g〉 = a[f, g], f ∈ D(H), g ∈ D[a],
where 〈·, ·〉 denotes the inner product in L2.
We shall say that u ∈ Dloc[a] if for every compact set C ⊂ X
there exists u ∈ D[a] such that u = u, dx-a.e. on C.
We shall assume in the sequel that (a,D[a]) is a diffusion, i.e.,
(a,D[a]) satisfies the following property:
a[u, v] = 0, u, v ∈ D[a],
whenever u = const. on supp v.
Then it is standard that we can write the form as
a[u, u] =
∫
Ω
dΓ[u, u],
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where the map (u, v) 7→ dΓ[u, v], defined on D[a] × D[a] with
values in the space of signed Radon measures, is a non-negative
symmetric bilinear form (the energy measure associated with the
form (a,D[a])). The energy measure can be defined according
to the formula∫
X
φ dΓ[u, u] = a[u, φu]−
1
2
a[u2, φ],(1.1)
for every u ∈ D[a] ∩ L∞(X, dx) and every φ ∈ D[a] ∩ Cc(X).
Proposition 1.2. The energy measure satisfies the following
properties:
(D1) The Leibnitz rule. For every u, v ∈ Dloc[a] ∩ L
∞(X, dx)
and w ∈ Dloc[a]
dΓ[uv, w] = v(x)dΓ[u, w] + u(x)dΓ[v, w]
in the sense of measures.
(D2) The Schwarz rule. If u, v ∈ D[a], f ∈ L
2(Ω, dΓ[u, u]),
g ∈ L2(Ω, dΓ[v, v]), then fg is integrable w.r.t. the absolute
variation |dΓ[u, v]| of dΓ[u, v], and
|fg| |dΓ[u, v]| ≤
η
2
|f |2dΓ[u, u] +
1
2η
|g|2dΓ[v, v],
for η > 0;
(D3) The chain rule. Let η ∈ C
1(R) with bounded derivative.
Then u ∈ Dloc[a] implies η(u) ∈ D[a] and
dΓ[η(u), v] = η′(u)dΓ[u, v],
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for every v ∈ D[a] ∩ L∞(X, dx).
(D4) The truncation property. ([8, Lemma 3-(o)] For every u ∈
Dloc[a]
dΓ[u+, v] = 1{u>0}dΓ[u, v],
where u+(x) := max{u(x), 0}, x ∈ X.
(D5) Locality. If A is an open set and u1 = u2 dx-a.e. on A,
u1, u2 ∈ D[a], then
1A(x)dΓ[u1, u1] = 1A(x)dΓ[u2, u2]
on X; moreover
1A(x)dΓ[u, v] = 0,
on X, whenever u ∈ D[a] is constant on A, for arbitrary
v ∈ D[a].
Definition 1.3. For x, y ∈ Ω let
d(x, y) := sup{ψ(x)− ψ(y) : ψ ∈ C, dΓ[ψ, ψ] ≤ dx}.
Then it is not difficult to prove that d(·, ·) is a (pseudo-)distance
on Ω, which we call the Carnot-Carathe´odory distance (associ-
ated with the form (a,D[a])); cf. [11, § III-4].
Remark 1.4. Notice that d(x, y) = 0 not necessarily implies x =
y. Moreover d(x, y) may be equal to 0 or ∞, for some x 6= y.
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Warning. In the rest of the paper we shall make the assump-
tion that the topology induced by the metric is equivalent to the
original topology of X and that (X, d(·, ·)) is a complete metric
space.
This in turn is equivalent [9] (cf. also [10, §4]) to the fact that
all balls are relatively compact in X .
Remark 1.5. Notice that in the case of the Dirichlet integral
on a bounded open set of Rn the energy measure dΓ[u, u] is
absolutely continuous with respect to the Lebesgue measure;
the Radon-Nikodym derivative is equal to |∇u|2 so that
d(x, y) = sup{ψ(x)− ψ(y) : ψ ∈ C, |∇ψ| ≤ 1 a.e.}.
Notice that d(x, y) is locally equivalent to the standard euclidean
one, that is, for any x ∈ Ω and any neighborhood U of x, there
exists a constant c > 0 such that
c−1 d(x, y) ≤ |x− y| ≤ c d(x, y),
for y ∈ U .
We shall need the following technical result to localize func-
tions in D[a].
Lemma 1.6. For each compact set K ⊂ X there exists a func-
tion χ such that χK ∈ Dloc∩C(X), χK(x) = 1 on K, the support
of χK is contained in a neighborhood B of K and dΓ[χK , χK ] ≤
16(diamB)−2dx.
8 L. Notarantonio
Proof. As K is compact, then K ⊂ B(xo, R), for some xo ∈ X ,
R > diamK ≥ 0, and B = B(xo0, 2R). Consider the function
η ∈ C1(R) such that η(t) = 1, for t ∈ (−∞, 1), η(t) = 0, for
t ∈ [2,+∞) and |η′| ≤ 1; let
χK(x) := η
(
d(x, xo)
R
)
.
The function ρxo(x) := d(x, xo) is inDloc[a]∩C(X) and dΓ[ρxo, ρxo ] ≤
dx [10, § 4, Lemma A′], thus by the chain rule χK ∈ Dloc∩C(X)
and dΓ[χK , χK ] ≤ R
−2dx; moreover, by definition, χK = 1 on
(B(xo, R), hence on) K and χK = 0 outside B = B(xo, 2R), so
the proof is completed.
Proposition 1.7. Let A be any subset of X; then
φ(x) := dist (x,A) = inf{d(x, y) : y ∈ A}
is in Dloc[a] ∩ C(X), with dΓ[φ, φ] ≤ dx.
Proof. We first prove the continuity of the map φ, by showing
that φ(xn)→ φ(x) whenever d(x, xn)→ 0. By definition
φ(xn) ≤ d(xn, y), y ∈ A,
thus
lim sup
n→+∞
φ(xn) ≤ lim sup
n→+∞
d(xn, y) = d(x, y),
hence, taking the supremum over all y ∈ A,
lim sup
n→+∞
φ(xn) ≤ inf{d(x, y) : y ∈ A} = φ(x).
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On the other hand for any ε > 0 there is yε ∈ A such that
d(xn, yε) ≤ φ(xn) + ε,
thus. choosing ε = 1/n and using the triangle inequality d(x, yε) ≤
d(x, xn) + d(xn, yε), we have
φ(x) ≤ d(x, xn) + φ(xn) + 1/n;
hence
φ(x) ≤ lim inf
n→+∞
[
d(x, xn) + φ(xn) + 1/n
]
= lim inf
n→+∞
[(
d(x, xn) + 1/n
)
+ φ(xn)
]
≤ lim sup
n→+∞
(
d(xn, x) + 1/n
)
+ lim inf
n→+∞
φ(xn)
≤ lim inf
n→+∞
φ(xn)
thus
φ(x) ≤ lim inf
n→+∞
φ(xn).
Therefore
lim sup
n→+∞
φ(xn) ≤ φ(x) ≤ lim inf
n→+∞
φ(xn),
which implies that the map φ is continuous on X .
Now let us prove that φ ∈ Dloc[a], with dΓ[φ, φ] ≤ dx. Again
by definition there exists a sequence (yn) of points in A such
that
φ(x) = lim
n→+∞
d(x, yn).
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Consider the map φn(x) := d(x, yn), n = 1, 2, . . . , so that
φn(x) → φ(x), x ∈ X ; in fact, the convergence is uniform on
any relatively compact open subset Y ⊂ X . Indeed, it is easy to
see that each φn is Lipschitz continuous with Lipschitz constant
less than or equal to 1 so that the sequence is pre-compact in
C(Y ), according to the Ascoli-Arzela´ criterion. Moreover and
without loss of generality, we can also assume that φn ≤ φn+1,
n = 1, 2, . . . (consider otherwise sup1≤i≤n φn). We notice [10,
§ 4, Lemma A′] that φn ∈ Dloc[a] ∩ C(X) and dΓ[φn, φn] ≤ dx,
n = 1, 2 . . . . By localization on Y , we also have that
∫
Y
dΓ[φn, φn] +
∫
Y
φ2ndx ≤ const(Y ).
Therefore the family
{φn : φn ∈ Dloc[a] ∩ C(X), dΓ[φn, φn] ≤ dx, n ∈ N}
is convex and uniformly bounded in D[a]. By the Banach-
Saks theorem, there exists (possibly a subsequence of) (φn))
that converges strongly (in D[a], hence strongly in) L2 to some
φ ∈ Dloc[a]; from the strong convergence in D[a] we also have
dΓ[φ, φ] ≤ dx as measures. On the other hand the whole se-
quence converge uniformly on Y to φ, therefore φ(x) = φ(x) for
q.e. x ∈ Y , and so we have φ ∈ Dloc[a] and also dΓ[φ, φ] ≤
dx.
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2. The main result
Denote by ρ(x) := d(x, o), the function “distance from a given
point o ∈ X”.
As in Brooks’s paper [1], our Theorem 1 is a consequence of
the following result.
Theorem 2. Let K ⊂ X be a compact set (possibly empty), let
λo(X \K) = inf


a[u, u]∫
X\K
u2dx
: 0 6= u ∈ D[a] ∩ Cc(X \K)


.
If ∫
X\K
exp(−2αρ(x)) dx < +∞,
for some α ∈ (0,
√
λo(X \K) ), then∫
X\K
exp(2αρ(x)) dx < +∞.
Theorem 2 implies Theorem 1. Recall that V (r) stands for the
volume of B(o, r), r > 0. If 2α < µ then
∫
X\K
exp(−2αρ(x)) dx ≤
+∞∑
r=1
[
V (r)− V (r − 1)
]
e−2α(r−1)
=
+∞∑
r=1
V (r)e−2αr
[
e2α − 1
]
and the latter sum is finite, as it follows by comparing it with a
geometric series and by the fact that 2α > µ. Thus if 2α > µ
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and α <
√
λo(X \K) then by Theorem 2 it follows that
∫
X\K
exp(2αρ(x)) dx < +∞,
but this inequality cannot be true, as the volume of (X , hence
the volume of) X \K is infinite. (Recall that dx is a Radon mea-
sure, hence the volume of any compact set is finite.) Therefore
2α ≤ µ, and letting α approach
√
λo(X \K) , we have
λo(X \K) ≤
µ2
4
,
and the right-hand side does not depend on K. Taking the
supremum over K, we have λe ≤ µ
2/4, which proves Theorem 1.
Proof of Theorem 2. Without loss of generality we can assume
that λo(X \ K) 6= 0 and hence, by a possible rescaling of the
measure dx, that λo(M \K) = 1. Let as consider the function
f(x) = eh(x)χ(x), where χ ∈ D[a]∩Cc(X\K) and h is a bounded
function in D[a]. (We’ll make a choice of these two functions
later on.) Let us compute dΓ[f, f ] = dΓ[χeh, χeh]. We have
dΓ[f, f ] = dΓ[χeh, χeh]
(Leibniz rule) = e2hdΓ[χ, χ] + χ2dΓ[eh, eh] + 2χehdΓ[eh, χ]
(chain rule) = e2hdΓ[χ, χ] + e2hχ2dΓ[h, h] + 2χe2hdΓ[h, χ]
= e2hdΓ[χ, χ] + f 2dΓ[h, h] + 2χe2hdΓ[h, χ].
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As
1 = λo(X \K) ≤
∫
X\K
dΓ[f, f ]
∫
X\K
f 2 dx
,
we have
∫
X\K
f 2 dx ≤
∫
X\K
[
e2hdΓ[χ, χ] + f 2dΓ[h, h] + 2χe2hdΓ[h, χ]
]
,
that is,
∫
X\K
f 2 dx−
∫
X\K
f 2dΓ[h, h]
(2.1)
≤
∫
X\K
[
e2hdΓ[χ, χ] + 2χe2hdΓ[h, χ]
]
.
Moreover, by the Schwarz rule and taking into account that χ
is a bounded function,
∫
X\K
2χe2hdΓ[h, χ] ≤ C
(∫
X\K
e2hdΓ[χ, χ]
)1/2(2.2)
×
(∫
X\K
e2hdΓ[h, h]
)1/2
,
for some constant C > 0. Now we turn to the choice of the
functions h, χ. Let (Ki) be a sequence of compact sets in X \K
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which increases to X \K. For i = 1, 2, . . . , let
χi(x) :=


1
δ
dist (x,X \Ki), if 0 ≤ dist (x,X \Ki) ≤ δ
1, if dist (x,X \Ki) > δ.
By Proposition 1.7 χi ∈ Dloc ∩C(X), dΓ[χi, χi] ≤ δ
−2dx and by
definition the support of χi is compact and contained in X \K;
moreover, by the locality property of the energy measure, the
support of dΓ[χi, χi] is contained in a neighborhood Bδ(∂Ki)
of Ki. Furthermore, let us choose the function h such that
dΓ[h, h] ≤ α dx, for α ∈ (0, 1). Then from (2.1), (2.2) we get
∫
X\K
f 2(1− α2)dx ≤ C
(
2
δ
+
1
δ2
)∫
Bδ(∂Ki)
e2hdx.
Now the proof follows the proof given by R. Brooks in [1, The-
orem 2]: consider
hn(x) := min{αρ(x),−αρ(x) + n}, n = 1, 2 . . . ;
notice that hn ∈ Dloc[a] ∩ L
∞(X, dx), n = 1, 2 . . . ; dΓ[hn, hn] ≤
α dx and, under the assumption that exp(−αρ(x)) is integrable
onX\K, hn is integrable for all n, so hn is an admissible function
in the definition of f . Notice also that hn(x) ≤ hn+1(x) → h =
α ρ(x), x ∈ X \K, as n→ +∞. Thus for n sufficiently large,
∫
X\K
e2hn(1− α2) dx ≤ C
(
2
δ
+
1
δ2
)∫
Bδ(∂K)
e2αρ(x)dx,
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that is, ∫
X\K
e2hndx ≤ const < +∞,
where the constant at the right-hand side of the above inequality
does not depend on n. Taking the limit, as n→ +∞, we have
∫
X\K
exp(2αρ(x))dx ≤ const < +∞,
which concludes the proof of the theorem.
Corollary 1. If X has sub-exponential growth, then λe = 0.
The condition that X has sub-exponential growth is precisely
the fact that µ = 0.
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